Mathematical Formulae

1. Vector Formulae

Bold characters are vector functions and f is a scalar function.

A-BxC)=C-(AxB)=B(CxA)
Ax(BxC)=B(A-C)—C(A-B)
(AxB)- (CxD)=(A-C)(B-D)—-(A-D)(B-C)
V- (fA)=Vf-A+fV-A
VX (fA)=VfxA+fVxA
V(A-B)=Ax(VxB)+Bx (VxA)+(B-V)A+(A-V)B
V.- (AxB)=B:(VxA)—-A-(VxB)
Vx(AxB)=AV-B-BV-A+ (B-V)A - (A V)B
VxVf=0
V- (VxA)=0
Vx(VxA)=V(V-A)-V?A

V.-r =3, r = position vector

Vxr=0
2_1 = —4nd(r — 1)
r— /|
Substantive derivative: Z—JZ = % + (v-V)f, v = velocity
. L A  OA
Substantive derivative: o + (v-V)A
1
Substantive derivative: CC% = Z—Z + (v-V)v :g—z + §Vv2 +(Vxv)xv

Gauss’ theorem: / V- -AdV = jq{ A -dS
1% S
Stokes’ theorem / VxA-dS = j{ A -dl
S C

%(V X A) - dS = 0 for closed surface
S

/VxAdV:dexA:—%Ade
v s S



2. Delta Function

d(at) =

g(t

/f o(t —t")dt = f(t')
0. fows

5(r — ') (3-D delta function)

= §(x —2)d(y —y')d(z — 2’) (Cartesian)
S(r—r")o(0—6

= (TTT/T ) (zin 99 )5(¢ — ¢') (spherical)

= w5(cos 0 — cos0')6(¢ — ¢') (spherical)

= (5(pp—p’)5(¢ — ¢)8(z — 2') (cylindrical)

3. Curvilinear Coordinates
Let u;(x,y,2) (i =1,2,3) be a system of curvilinear coordinates. The metric coefficients are

or\ 2 oy \? 02\ 2
hz_\/(@m) +<8ul> +<8u,>’

and the length segments in each direction are h;du;e; (e; unit vector).
Area elements

dSZ' = hjhkdujdukej X €ef

Volume element
dV = h1h2h3du1dquU3

Gradient
3
Zi
P h; 0
Divergence
1 0 0 0
A= hohsA ——(hsh1 A ——(h1ho A
\Y h1h2h3{8u1(23 1>+8 (312)+8 (123)}
Curl

el €9 €3
hahs hshi  hihs

VxA=| 9 90 9
8U1 8u2 8U3

h1A1 hoAs h3A3

Scalar Laplacian
1 0 (hahs Of 0 (hshi Of hihy Of
2, . — __ —7
v f =V Vf h1h2h3 {811,1 ( h1 8u1) t o 8'&2 ( hz 8“2 t ous 6 hg 8u3
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Vector Laplacian (definition)

VEA=V(V-A) -V x(VxA)
Spherical Coordinates (7,6, ¢)
Transformation
x = rsinfcos¢
Yy = rsinfsing
z = rcosf
Metric coefficients
hy =1, hg =1, hy =rsinb.
Transformation of the unit vectors
[ e, | [ sinfcos¢ sinfsing cosd [ e, |
e | = | cosfcos¢p cosfsing —sinf ey
| ey | —sin ¢ cos ¢ 0 | e, |
[ e, ] [ sinfcos¢ cosfcosp —sing | [ e, ]
e, | = | sinfsing cosfsing cos¢ ey
| e. | cos 6 —sin 6 0 | €5 |
For example,
e, = Va=V(rsinfcos¢)

Derivative of the unit vectors

sin 6 cos ¢e, + cos 6 cos pey — sin gey,

der _ %—s'nQe %——e @—COSGG Gy _
90— " ap U ae T T ag TS g T
Gradient P f 19 f 1 of
Vf= or e+ — 89 6+ m%eqﬁ
Divergence
19 1 o) 1 0A
LA = (1?4, A -
v r2 ar(r )+ rsind 89(Sm9 2 rsinf O0¢
Curl
€y €9 %
r2sinf rsin6 r
VxA= g ﬁ g
or 00 0¢
A, rAg rsinfAy
Scalar Laplacian
o2 f 20f 1 401 1 of
9 o°f  20f - Y J
Vif= 82+r(?r+r2$in989( 89>+T2Sin296¢2

— sin fe, — cos fey.



Vector Laplacian

VA = V(V-A) -V x(VxA)

2 2 0Ay 2cotf 2 0A
= 2A, — SA, - S0 T T Ay — el .
<V r2 r2 00 r2 O 2sing 1J0) ¢
1 2 0A 2cosf 0A
V2A - “ T 9
+( O 2sin0° T 12 00 r2sin?0 0¢ >69

+ <V2A¢ -

o 2 0A, 2cos8 0Ag o
220" ? " rZsing d¢  r2sin?6 9¢ ¢

Note that in non-cartesian coordinates,
(V2A), # V24,

Cylindrical Coordinates (p, ¢, z)

Transformation

x = pcoso
= psing
z = z

Metric coefficients
hpzl, h¢:p, hZ:1

Derivatives of the unit vectors

de, Jey B
a¢ = e¢, aiqﬁ = ep
Gradient of Lo of
Vf = 87pep + ;%e(b + ?ez
Divergence
10 104, 0A,
Curl o o
14 z
- e
P @

VxA=|0 9 0

Scalar Laplacian
_82f 10f 10%f 0°f

2 —_— —_—— [ —— —_—
Vi = 07 pap  Rog? 922



Vector Laplacian

VIA =

V(V-A)—V x (VxA)

2 0A 1
= 24 2700~y
(v R T
2 0A 1
2A P A 2Ae,
+<V ¢—|—p2 90 ,02 & e¢—|—v e

4. Special Functions

Bessel Functions Z,,(z) = J,,(z), Ny(x) [or Y,,(z) in some books|

J()(w), Jl (:C)

Jo (x) (solid line) and J; (x) (dashed line).
Yo(x), Y1 (z)

0.57

Differential equation

Wronskian

Yy (x) (solid line) and Y7 (x) (dashed line).

2 1d 5 m?

(G = i =12~ ) 2t =0
T (2) Ny (2) = T3, (2) N () = 2
m m m m T




Series representation of J,, ()

dnte) = (5)" S g () Jonte) = 1t

=N
&
2

(g)m for small z <« 1

S
&
2

1-— i:cQ + 6%11:4 for small z <« 1

Ji(z) ~ 3a— 2® for small z < 1

n-th root of Jo(z) = 0, zgp, and value of Jy(zop)

ZTon 2.40483  5.52008 8.65373 11.79153 14.93092 18.07106
Ji(zon) 0.51915 —0.34026 0.27145 —0.23246 0.20655 —0.18773

n-th root of Ji(z) = 0, z1,, and value of Jy(x1,)

Tin 3.83171 7.01559 10.17347 13.32369 16.47063 19.61586
Jo(z1n,) —0.40276 0.30012 —0.24970 0.21836 —0.19647  0.18006

For small z (< 1),

T\™ 2 T ,
Im () = <§> , Np(z) - (ln§ +’yE) , vg = 0.5772 - - - (Euler’s constant).

Hankel functions of the first and second kinds
HY2 (2) = Jp(2) + iNp ()

Asymptotic forms at large x > 1

Recurrence formulae

Zip(@) = 5 [Zm1(2) = Znsa ()
Zun(@) = 5 (Zns1(2) + Zina ()]



d
dx
Integral representations (There are many. A few are listed.)

[T Zp(2)] = 2™ Zpp—1(x)

2m 1
Im(z) 1 /(; cos(mf — xsin0)dl, Jy(x) = i/o cos(xt) @

T om
2 [ cos(zt)
No(z) = —— dt
o(z) /1 T

cosxt

Nin(2) = _\/W/l mdt

9] 1 00 1
/0 Im(ax)dr = 2 /0 Np(ax)dr = a tan (%)

Integrals

OO 2
/ Jo(ax)Jo(bx)dx = —bK(a/b), K : complete elliptic integral of the first kind
0 ™

0o 1/, b>a>0
/ Jo(ax)Ji(bz)der =< 1/2b, a=0b>0 (step function)
0

0, a>b>0
o0 d(a—b L .
zJ1(ax)J1(bx)dr = , (derivative of the above with respect to a)
0 a
In fact for any integer m,
o da—>b
/ xJm(az) Iy (bx)dx = (aa )
0

/ Jyralax)J,—z(ax)de = J,up(2a), p+v>1
0

o0 ou—1r (LJFV)
/ a1, (az)dr = ————-—2--, T': gamma function
0 T (54 +1)

|7 PR do T o
1
(Va2 + b2 — a)”
N

> , Qu : Legendre function of the 2nd kind

/ e " Jy(bx)dx =
0

/ e J,(bx)dx =
0

B a? 4+ b* + 2
_77\/% V_% 2bc

o0 —a2z? ﬁ b2 b2
/0 e Jalpr)de = 5o exp (‘w) L <82>
o0 —a2x2 2 1 b2
/0 e x*Jo(bx)dx = 252 P <_4a2>

0 —ata? 1 P’ +q pq
/0 e Ju(px)J,(qx)dx = 252 P <— a2 I, (Tﬂ)

/ e “J,(bx)J,(cx)dx
0




oo L__gin [vsin~!(a b) b>a
/ sin(ax)J, (bx)dz = { Vet [ /ﬂl
0

Va2—b2(a+va2—b2)¥ cos ( 2 ) , a<b
00 0, b>a
/ sin(ax)Jo(bz)dr = 1 Ca>b
0 vaz—b

Sum

x) + 22 Jop(x) =1
n=1
Y Jalz) =

o0 2
272,y L
E:an(:c)— 1

+2Z )" Jon(x) = cosx

Z(—l)”J2n+1(x) = 5sine
n=0
S @0+ 1) o (z) = g
n=0
=1 x?

72
ngn (2nx) 20 —a:2)
o 2 2
2 oz (1 +a27)
220 = e

3

n? | Jon(2nt)dt = ————
n; /0 20(2nt) 6(1 — 22)3

Spherical Bessel Functions z(x) = j(x), n(x)

Spherical Bessel functions are elementary functions. Some low order forms are:

. sinz ) sinx — xcoszx ) (3 —2?)sinx — 3z cosx
ola) = 225, jafa) = FEZTE o) = =
COS T cosz + xsinx (3 — x2)cosx + 3z sinx
no(z) = — z ni(z) = T2 na(z) = — 3

Definition

gi(z) = \/;JH- \/7 l+2



W (z) = Gi(w) + iy ()

<d2 +2d+k2—l(l+1))zl(kr):0

Differential equation

dr? " rdr 72
Wronskian
)l (@) — i) = -
For z <« 1, l
— 1\
Ji(w) ~ m, ny(x) ~ —%
For x > 1,

() 1 l+1 (2) 1 . I+1
~ — - — ~ —sin - —
nlx xcos x T, mx xs x 9 s

hl(l)(:c) ~ (_i)lﬁ’lei? h(2)($) ~ gl e

T T
Recurrence formulae

2+ Dzi(e) = zlz1(2) — 2142 (2)]

(20 + 1) dalx) _ lzi1(z) — (14 1241 (2)
%[m”lzl(:p)] = xl+1zl_1(x)
S a(@)] = e @)

Modified Bessel Functions I,,(z), K,,(r)

Ip(x), I;(x)

Ip(x) (solid line) and Iy (z) (dashed line).

Ko(:L‘), Kl(il?)



y 107

7.57

2 25 3

Ky (x) (solid line) and K7 (z) (dashed line).

Definition
Ip(z) = e ™ /2], (iz)
<x>m§: (z/2)*"
2 5 nl(m +n)!
00 k k+m

m 2 m+2k 1 1

Ko(z) = (—1)™1, In 2 (z/ - -

() (=1) (m)<7+n2) kzo El(m + k)! §n+n§1n

IS oDty
2 e 2

Forr <1 )
Io(x)zl—i—ZJ:Q—i—
L)~ 54 Loy
X — —X
! 2 " 16

Recurrence formulae

In—1(7) = Ipya(7) = ?Im(x)v Ln—1(%) = Lpya () = 217,71(33)

Ko1(@) = K1 (0) = = Ko@), Koot (2) + Kyt () = —2K0, ()



Io(z) = Ih(z), Ky(x) = —Ki(x)

2 ¢ Jo(wt o0 t
Ko(x)Z/ QO(x )dtz/ O _at
o 41 0o VtZ+1

00 42 T
Kl(x) = _K(l)(x) = /0 tlj_li_(tQt)

Integral representation

dt

2.%'3/2 3 00 5 e
K3 B | = N cos(t” + xt)dt, (Airy’s integral)
Legendre Functions P"(x), Q)" (z)

Differential equation
d? d m? P (z)
1—a2?)—5 — 20— +1(1+1) — —— ! -0
(0o 2o w000 =175 ) ( ghts) )

P(z) = 77(1}2 —1)! (Rodrigues’ formula)

— Wi—1(z), = real and |z| <1

1
s T~ Wi_1(z) for general complex z
3 5, 2
W_i(z) =0, Wy(z) =1, Wi(z) = 5% Wy(z) = 2T — g
Special values (m = 0)
P(1) =1, R(-1) = (-1)
a1 = 1N
P,(0) =0 for odd I, P(0) = (—1)"*~——— for even I

n
I(1+1)

5
Definition of P/"(z), Q" (x) in terms of Py(z), Qi(z) ( real, |z| < 1)

P/(1) = P/(0) = =(+1)P+1(0)

) = (1-2)™ L p), Qre =1-2)" L Q@)

dz™

For general complex argument z

P = (22 =1)" ZRG), Q) = (22— 1) Q)
Orthogonality of P/ (x)
/1 le(a:)le/(a:)dx _1tmrs
1 1— a2 m (I —m) ™"

L my pm 2 (I+m)
/1Pl ()P (z)dz = m(l_m)!&l'

11



Wronskian

1
m =0, P(z)Q)(z) — P/(z)Qi(z) = 11—
m 4Q"(x) AP (x) 22" T[(l+m+1)/2T[( +m)/2 + 1]
B (x) - Q'(*) = —=F— -
dx dx 1—22T[(l—m+1)/2IT[(l —m)/2+ 1]
1 (I+m)
= < <]
1—22(—m)V O<sms
Generating function
l I
(cos§ +isin 6 cos ¢)' = P(cos ) + ZmZ::l immplm(ms 0) cos(mae)
Low order forms of P"(z), (z = cosf)
m=0
32 —1 5a% — 3
Py(z) =1, Pi(z) =z, P(x) = 5 Psy(z) = —
I=1,m=1
Pl(z) = V1 — 22 =sinf
=2, m=1,2

P}(z) = 31— a2z =3sinfcosh = %sin%

Pi(z) = 3(1—2?) =3sin’0 = ;(1 — cos 26)

Pl(z) — %\/1 2502 — 1) = g(sint? + 55in30)
1
Pi(x) = 15(1 —2%)z = ZE)(COS@ — cos 36)

1
P3(z) = 15(1—22)%2 =15sin%0 = §(2 sin 20 + 7sin 46)

Q" (x) (associated Legendre function of the second kind)
Special case z = isinh 7
Qo(isinhn) = —icot (sinhn), Q1(isinhn) = sinhncot™!(sinhn) — 1

Q1(isinhn) = coshn cot ™ (sinhn) — tanhn

Spherical harmonic function Y,,(6, ¢)

204+1(l—m)! ;
Positive m : ¥1,,,(0, ¢) = (—1)™/ 4—; El n :;'le(cos 0)e™? for 0 <m <1

12




Negative m : Y] _,,(0,¢) = (=1)"Y};,(6,¢) for —1 < —m <0

General form

m+|m| _
Yim(0,0) = (—1)" 2 \/21 +1 (= Im]): lel(cosﬁ) mé for —1<m<I

4 (I + |m])!
1
Yoo(0, ¢) = T
3
Yi0(0,0) = ECOSH
3 .o tie
Visrl0,6) = %) sinfe
T
51
Yo0(0,0) = E? (3cos?f — 1)

Yo +1(0,0) = $\/;:sm6(:oseej“¢

Yo12(0,0) = 4\/ o Sln 2 fe*i2¢

ot

Orthogonality of Y}, (0, ¢)

lem(H, (b)}/zfm/ (0, ¢)dQ = 5”’5771777/7 d§2 = sin 9d9d¢

Toroidal functions Pl_% (coshn), Ql_% (coshn) satisfy

d? d o 1 2 2
d2—|—cothnd——l +Z—mcosech F(n)=0

Integral representations

(=1)™(2l —1)N T cos mb
Pl l(COShn) 2m+1(2l -9 _ 1)][ . l+l do
2 m - (coshn + cos O sinhn)
(=1)™(20 -1 0 cosh mt
(coshn) = dt
- 2 2m (20 —2m — It Jo (coshn + cosh tsinh 77)”%

Gamma Function

Definition -
I‘(z)—/ e 7 dt
0
Properties
T T
T 1) =21 T(AT(1=2)= T np(l_,) =
(z4+1)=2(2), (z)T'(1 - 2) sin (7z)’ (z—|—2) (2 Z) cos (7z)

If z is a positive integer, z = n,



Special values

r)=1,T3)=vr T(n+d)= (2n2_nl)!!ﬁ
I'(z)
y ST
25T
U

=257

\l

Gamma function I' (z) .

Elliptic Integrals K (k?) and F (k?)

Complete Elliptic Integrals of the First Kind K (k?) and Second Kind E (k?)
Definitions

) /2 1 9 /2 9
K(k):/ dQ,E(k):/ V1—k2sin*0d, 0 <k* <1
0 1—k2sin®¢ 0

Special values

K(O):E(o):g, iii%Ku—a)—ln(jg), E(1) =1

w/2 1
K (x) = / S
0 V1—xsin?6
w/2
E (z) :/ V1 — xsin? 0do
0

14



] 1 Il |

0 ! T T |
0 0.25 0.5 0.75 1

K (k?) (thick line) and E (k*) (thin line).
Relationship between K and E

B(R) = (1 - 1) 1 [k (12)]

Integrals that can be reduced to the elliptic integrals

/2 sin? 6 1
I — [ — ' k2 _E k2
0 1 — k2sin%0 k?2[ (k") (k%))
/2 cos? 6 1
el = 5 [E (k) - (1 - k*)K (k*
0 1—k28in29 kQ[ ( ) ( ) ( )]

o (1—k2sin?6)3/27  1—k? -~ dk

/2 sin? 6 1 ) ) )
/0 (1—k281n20)3/2d0: k2 (1—k2) [E (k ) _(1_k )K (k )]

/2 cos? 6 1 ) ) )
/0 1= r2snZapr® =2 (5 (k) = (1= F)E ()]

Series Expansion of Elementary Functions

1 2 .3
=l-z+a2° -2+ |2/ <1
14+
1 1
T = 72 —3 PR
e’ =ldaz+ "+ o+
COS.CC_1—11I2—|——334_...
2 4!
sm$—x—§x -|-§$ — ..

tanx—x+1x3+zx5+£x7+
N 3 15 315

15



1 1
coshz =14+ —z22+ — 2%+

21 4!
smh:r:—:n+§x +ax 4.
1 2 17
tanhz = ¢ — —2° + =25 —
R L T S
I o, 13
1n(1+x):x—§x —|—§gj — |zl <1
Infinite Products
ﬁ 14 :ﬁ _ sinh rx
n=1 n? B T
10—0[ 1 ZLj _ sinmx
e 2]
- 362 ™
1 = h ==
}1( +(2n—1)2> oSy
ﬁ 1- v = cos ™
i (2n—1)2) 2
ﬁ 14 z? _ coshx — cosa
e o0 (a—2nm)2)  1-—cosa
i 2
H 1_ x _ cosz —cosa
n=—o0 (a —2nm)? 1—cosa
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