Chapter 6

Waves in a Uniform Plasma

6.1 Introduction

Although we seldom encounter uniform unbounded plasmas in practice, studying wave phe-
nomena in such an idealized case reveals numerous fundamental waves that can be excited in
a plasma. Also, when the characteristic lengths of plasma nonuniformities are much longer
than wavelengths of concerned waves, wave propagation can still be treated by the method
essentially identical to those developed for uniform plasmas (e.g. WKB approximation).

A magnetized plasma is a typical anisotropic medium for electromagnetic waves and can
support various kinds of waves. Since a plasma consists of light electrons and heavy ions,
characteristic frequencies range from low frequency ion cyclotron frequency to high frequency
electron cyclotron frequency. In general, particle dynamics of both electrons and ions must
be incorporated in rigorous analysis of plasma waves.

Another characteristic feature of waves in a plasma is that they are subject to damping
even in the absence of particle collisions. Well known examples are Landau and cyclotron
damping. The collisionless wave damping plays important roles in plasma heating (and
current drive) which can be effectively used in further raising the temperature of a plasma
already having a temperature high enough so that collisional Joule heating is ineffective.

In this Chapter, a general kinetic method based on particle velocity distribution function

will be presented for waves in a collisionless, magnetized, uniform plasma. Contribution of



both electrons and ions to the conduction current will be found first. The resultant current
J=7"E

with ‘@ being the conductivity tensor will then be substituted into Maxwell’s equations

which yield a general dispersion relation.

6.2 Perturbed Particle Distribution Function

Although fluid or hydrodynamic approximation is much less involved than kinetic description
and provides more transparent physical pictures, it overlooks collisionless damping such as
Landau and cyclotron damping. Also, when wave phase velocities approach thermal velocity
of electrons or ions, fluid approximation tends to break down. For these reasons, satisfactory
description of plasma waves requires kinetic theory.

The starting equation is the collisionless Boltzmann equation or Vlasov equation for a

particle species having a charge e and mass m,

%+v-g+£<E+1va>-a—f:
c ov

ot ox m 0 (6.1)

Both electric and magnetic fields, E and B contain in general external fields Eq and By, and
those associated with plasma waves E; and B;. Since the distribution function f implicitly
depends on the fields E and B, Eq. (6.1) is a nonlinear differential equation. Throughout
this chapter, we assume that perturbed field quantities are small, so that Eq. (6.1) may be

linearized as
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where
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E—a—FV-V—F%(VXBO)-a—V, (6.3)

is the substantive derivative along the particle unperturbed trajectory. For simplicity, we
have assumed that there is no external electric field, Eq = 0. In magnetically confined
plasmas, electric fields usually exist. In tokamaks, for example, the toroidal current is

driven by an inductive toroidal electric field. This field is much smaller than the runaway
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(Dreicer’s) field in most tokamaks. Except for a small number of runaway electrons, deviation
of the electron velocity distribution from Maxwellian may be ignored. In the direction
perpendicular to the magnetic field, an ambipolar electric field tends to develop near the
edge of a magnetically confined plasma. In general, a plasma self-consistently induces an
ambipolar field to maintain charge neutrality. The assumption Eq = 0 should therefore be
made with some caution. In axisymmetric devices such as tokamaks, the radial electric field

FE, causes ¥ x B plasma rotation in the toroidal direction,

E
V, = —c—
¢~ 7B,

where By is the poloidal magnetic field. The toroidal rotation velocity may approach the
ion thermal speed vp;. However, transport in tokamaks is fairly insensitive to the toroidal
rotation and in the lowest order the radial electric field may be ignored. It should be noted
that the radial electric field does not cause plasma rotation in the poloidal direction which
is proportional to the ion temperature gradient, dT;/dr.

There are several known methods to solve Eq. (6.1). The method most frequently used
is to integrate it along the particle unperturbed trajectory (the method of characteristic) as

briefly outlined in Chapter 3. Here, we directly integrate Eq. (6.1) over the gyro angle «,
tan a = vy /vy, (6.4)

in the geometry shown in Fig. 6.1. A uniform (thus straight) magnetic field By is assumed in
the z direction, and the wavevector k in the x-z plane without loss of generality in a uniform

plasma. Assuming that all perturbed quantities, f;, E; and By are proportional to
exp [i(k - x—wt)],

and eliminating the perturbed magnetic field B, via Faraday’s law,

10B w
V x E1 = —Ea—tl or k x E1 = ZBI’ (65)

we rewrite Eq. (6.1) as
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Figure 6.1: Geometry assumed in the analysis. The external magnetic field is in the z

direction. The wavevector k is assumed to be in the  — z plane, k = ke, + kje..

where
€BO
me’

0= (6.7)

is the cyclotron frequency (2. < 0 for electrons, and ; > 0 for ions). Also, note the identity,

0 0
Introducing
1 dfo dfo
U = ; |:(w — k}H?}”)% + k‘vLavz] , (69)
dfy kicosa dfo dfo
W=—-——— 5. Ya— :

aU” w (UJ_ 81)“ U” (%l ’ (6 10)

where
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are constants of motion in a uniform magnetic field (v3 = const. from the constant magnetic
moment and v = const. from the assumption E, = 0) and characterize the unperturbed

distribution function fy(v),

fov) = fo(v},vp), (6.11)
we can rewrite Eq. (6.6) in the form
ofi  kivicosa+kpv,—w, e
B Q fi= —a U(E, cosa+ Ey,sina) + WE,], (6.12)

which can be readily integrated as

v, kw) = Qexp lQ/ (kivycosa’ + kv, — w) da]
/ exp / (kivy cosa” + kv — w) do/’]
X [U(Eycosd + Eysina’) + WE,|do'. (6.13)

Note that f; must be a periodic function of o, fi(a+ 27n) = fi(«) with n an integer. For
this reason, the general solution of Eq. (6.12) has been discarded, and only the particular
solution retained.

The integral over « in Eq. (6.13) can be performed if the following expansion is exploited,

exp(iz sin ) g Jo(z)e™,

n=—oo

where J,(z) is the n-th order Bessel function. The result is

LI (AUE, +iJ.(NUE, + J,(A)WE,

k i l(m naA 14
fitvkw) =i ZZJ " . (6.14)
where
A / dJn(A)
A=y =) (6.15)

W is now modified as
w—nﬁ% i HQU”%

W = 6.16
w  Ov  wuy Ovy’ (6.16)
and we have used the following recurrence formulae of the Bessel functions,
2n
Jn1(2) + Jua(2) = —=Ju(2), (6.17)



Jn1(x) — Jpya(z) = 2J) (). (6.18)

Equation (6.14) is our desired expression for the perturbed distribution function. Various
moments of f(v) can be calculated from f;. For our purpose, it suffices to find the perturbed

current density given by
Ji =) e / v fis(v) d®v, (6.19)

where s indicates particle species (electrons and ions).
If fo(v) is isotropic,

fo(V) = fo(UZ),

U and W are simplified as

9 fo dfo
U=— W=_—. 6.20
am ’ (%H ( )
In this case, the perturbed magnetic field B; disappears from the original Eq. (6.6), since
v X By - % =0, (6.21)

identically, provided fj is isotropic. However, this does not mean that waves are electrostatic,

since the electric field is given by

10A
Bi=-Vo—Tr

- (6.22)

where ¢ is the scalar potential and A is the magnetic vector potential. Electrostatic waves

require that the electric field E; be written in terms of a scalar potential alone,
E, =-Vo, (6.23)

and so far we have not made any such assumptions.

6.3 Dispersion Relation

The perturbed velocity distribution function calculated in the preceding Section yields the

perturbed current density through
Ji = noe/ (fii = frie) v d3U7 (6.24)
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where for simplicity we assume a plasma composed of electrons and singly ionized ions,
both having the same particle density ng. Since f; consists of terms proportional to each

component of the electric field E, Eq. (6.24) can be cast into the form
J="0E, (6.25)

where ‘o defines the conductivity tensor, which can be evaluated once the unperturbed
distribution function fy(v) is prescribed. (For brevity, we hereafter omit the subscript “1”
in the perturbed quantities.) The dispersion relation of electromagnetic waves can then be

found from Maxwell’s equations,

10B
E=--2_ 2
V x s (6.26)

by eliminating the perturbed magnetic field B (or electric field E) between these equations.
It is convenient to introduce a dielectric tensor defined by

4
T =1ti—T (6.28)
W

Eliminating B between Egs. (6.26) and (6.27), we obtain

2

FE - (k-E)k-—2 -E=0, (6.29)
c
or in the tensorial form
2
<k25ij — ]{Zlk}j — (;}—261']'> Ej = U, (630)

where 9;; is the Kronecker’s delta. The dispersion relation is thus given by
2 w?

> . . .
The tensor €  has nine components. Only under special circumstances, the tensor be-

comes Hermitian, €;; = €

7i» which is the condition for the absence of wave energy dissipation

by the plasma. The expression for ¢;; is shown below without specifying the velocity distri-

bution function fy(v) contained in U and W,

w2y & s
=1 © &? 32
) +; w n;,o/ S = Ty =m0 (6:32)
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H . .
where the tensor S is given by

[ n\ 2 .on n
v (K) JU S U oL
| _..0n / 12 . /
S wLAJanU vy (J)°U wy I W | (6.33)
UH%JZU ivy o .U v J2W
wps 1s the plasma frequency defined by
47moe§

and

/d3vz27r/ UJ_dUJ_/ dvy.
0 —00

To proceed further, the unperturbed velocity distribution function fo(v?,v,) must be spec-
ified.

If the velocity distribution function fy(v?,v,) is isotropic Maxwellian

Fo(v?) = (2%)3/ " exp (—”;—;’f) , (6.35)

with v? = v3 + vﬁ, €;; can be simplified somewhat. For example, €,, becomes
s vy (n/A)2J3(A) msv| My 3/2 msv?
ex = 1 p - - dS
‘ - Z / Z w—kp —n, \ T, J\or,) P 2Ts !
2n
14 / e 72 (/2 )dmx / —dt (6.36
3y [ (V) e L >

where x = v, /vps, vrs = /2T5/m, is the thermal velocity, t = v|/vrs, (,, = (W —
nSd)/kjvrs, and

1 kiv%s B kiTS/ms

2
As = 5 02 - 02 - (kJ-ps) ) (637)
with
VTs/mg
Ps = Q—sa

being the thermal Larmor radius. The integral over x reduces to

/0 ve " 2(Vhe)da ziexp( NI (), (6.38)



where I,,(A\) is the modified Bessel function of the first kind. The integral over ¢ can be

written in terms of the plasma dispersion function defined by
1 [ et
Z(()=—
0=/
Therefore, Eq. (6.36) becomes

_1+Z

The other components can be calculated in a similar manner:

€ry = TCyz = —1 Z ﬁ Z?’Iﬁ_)\(ln - [;L)COZ(C’IL)?

Z—e_/\s—f 5602 (Con)-

w
w? '
€yy = 1—!—2;526_)\ {Tfn—i-z)\( )] CoZ(Cp)
2
= Eaz +2Zw_§z>‘6_)\<]n Ivlm)COZ<<n)7
2
A
G = =i B S~ G2 ()

2
€. = 1— Z % Z e_AIn()‘)COCnZ/(Cn)

The subscript “s” has been omitted for brevity.

In deriving these expressions, use has been made of the following identities:

oo 1 2402 b
/ ez (ax) I (br)dz = = exp (_a kA ) L, <a_) :
; 2 1 2

Differentiating by a yields

& 1 ab ab a® + b?
2] n b —u* — b], [n .
/0 T Jn(ax)J ( :Jc)e dx 4 ( <2> a (2)>exp <— 1 >

Since a = b = v/2\, we obtain

= 2 7/ —z2 _ﬁ 1 _
/ 22T (V2Ae)J, (V2 x)e " da = 5 [ (\) — I, V)] e,

0

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49a)



which has been used in calculation of ¢,, = —¢,, and ¢,, = —¢,,. Differentiating Eq.(6.49a)

further with respect to b and substituting a = b = /2, we also obtain

0o 2 2
/ z? [J;L(\/ 2/\x)} e dr = {n—fn (A) + 2 (I, — I;L)} e, (6.50)
0 4\ 2
where use is made of the differential equation satisfied by I,, (\),
I n?
I"+2—(14+—=)1,=0. 6.51
e (145) (651

This is needed in calculating ¢,,. Also, it is noted that the plasma dispersion function Z(()

satisfies the following differential equation,
Z'(C) +2[14+¢Z(Q)] =0, (6.52)

since

- = de =—2[1+¢Z(0)]. (6.53)

6.4 Plasma Dispersion Function Z(()

When the particle velocity distribution function fy(v?, v,) is characterized by isotropic

Maxwellian or bi-Maxwellian
3/2 mv2 va
1 Il

2T, 2T,

m

2 _
JWLv) = o

Y

e exp

the dielectric tensor €;; contains the plasma dispersion function

1 % e’
20 = 7= /_OO s (6.54)

and its derivative, Z'({). Since this important function so often appears in analyzing plasma

waves, it may be appropriate to devote one Section. Fried and Conte have tabulated numer-
ical values of Z(({). Mathematically speaking, the plasma dispersion function is the Hilbert

transform of the function 1/(z — ().
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Approximate series and asymptotic expansions of Z(() can be found in two limiting cases,
|¢| < 1 and [¢] > 1. We first note that Z(() satisfies the following differential equation

iz

o = 2@, (6.55)

as shown in the preceding section. This can be integrated as
2 2 C 2
Z(¢) = Z(0)e™¢ —2e¢ / e* du, (6.56)
0

with Z (O)e*<2 being the general solution and the last term the particular solution. To find
the “initial value” Z(0), we evaluate

1 % o-a?
Z(0) = —=1lim [ “—— da. (6.57)

ms—0 ) _ T —
Letting ¢ = o + 13, we find

1 o g
Z(0) = — 1 —d
(0) \/Ea,lﬁrgo e —a—if3 v

1 I /OO x+if 7x2d
= —=1m —5€ X
VT B0 ) a? + 52

= V7 (6.58)

Therefore,
¢
Z(¢) = iv/me ¢ — 26_42/ e dr, (6.59)
0

which can be used for any values of the complex quantity (. As we have seen in the preceding

Section, ( is given by
w — nfd

kjop
and in general a complex number since w and/or kj can be complex depending on growing
(w; > 0) or damped (w; < 0) wave. Even if Im ¢ is small, the plasma dispersion function is
intrinsically complex as indicated in Eq. (6.59). Physically, this means that plasma waves
in general suffer damping through wave-particle interaction. Under certain circumstances,

the intrinsic dissipation can be the source of plasma instability as we have already seen in

Chapter 3.
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When [(] < 1, Eq. (6.59) yields the following series expansion for Z((),

1 ¢ 1
Z(¢) ~ ivre < =2 (1—g2+§g4—--->/ <1—|—x2+§x4+~--)da:
0
4
= 2+ ¢ ivEe S (< D). (6.60)
In the opposite limit |¢| > 1, we directly expand the defining equation for Z((),
1 [ e
T) oot —C

I (1 - E)_l e dx
V¢ o ¢

1 1

Z(¢) =

12

. _ 2
— _5_2_@_---“\/%& (K> 1), (6.61)
The plasma dispersion function Z(x + iy) satisfies the following symmetry properties,
Re Z(—x 4 iy) = —Re Z(z + iy), (6.62)
Im Z(—x +iy) = Im Z(x + iy), (6.63)
or
Z(—x +1y) = —Z"(x + 1y), (6.64)

which can be seen from the definition of Z((),

1 [ et e t—x—i—zy 2
Z _ e dt. .
(x + iy) = f/ i f/ e (6.65)

Also, for y > 0,
Z(x —iy) = Z*(x + iy) + 2iy/me” @), (6.66)

Therefore, knowing Z(z + iy) for x, y > 0 is sufficient to evaluate Z(x + iy) for arbitrary z
and .

6.5 Unmagnetized Plasma

In the absence of external magnetic field, the perturbed distribution function satisfies

i(k-v—w)fl(v):—% {(1—k—V)E-%+ﬂk-% . (6.67)

w w ov
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If the velocity distribution is isotropic, Eq. (6.67) simplifies as

i(k-v—w)fi(v) = ‘g, 9% (6.68)

m ov’

The wave vector may be assumed to be in arbitrary direction, say, k = ke,. The electric
field may be assumed to be

E=E, +E.. (6.69)

Evidently, E, is associated with the transverse wave while E, is associated with the longi-

tudinal wave. We further assume that f, is Maxwellian,

fur (v) = (%)3/2 exp (—2—?) : (6.70)

The current density is

J = ne/vf1d3v

,7’L€2 v

= i E-
t T v —w v far (V)
ne2 1 [ e? ne? 1 [ 2t
= —f——— ——dtE, — 21— — —dtE,
kavTﬁ/mt—C kavTﬁ/oot—C
ne? ne?
= —i Z () E, —2i 14+¢Z E.. 6.71
(O B = 2D (142 (C) (6:71)
The permittivity pertinent to the transverse wave F, is
4 ne?
= 1+4+i— | —i Z
er +1 - ( kavT (C))
w2
=1 7). 6.72
+ 2 () (672
The dispersion relation is given by
2 2 2
("—J) =< - - , (6.73)
k €T wpe
1+ —=—7Z(C,)

wkvp,

where the ion contribution has been ignored. When w > kvpe,



and
2

&) =
w? = w;e + (ck)?. (6.74)

In the opposite limit, w < kvr.,using

Z((,) ~ —2(, +iv/me ¢ = iy/7,

we find

k3 =ivm

The wavenumber becomes complex which indicates spatial damping or evanescence. The

5_1_ 2 /ur\?
ko wl/s w2, w ’

is often called anomalous skin depth since it can be larger than the classical skin depth

. 1/3
“htd VBT s (—wf’ew> . (6.75)

2 ’ k 2
C*Ure C*Ure

inverse of the damping factor

P —— (6.76)

Wpe

provided

UTe
W < ——Wpe.
C

The longitudinal wave F, is characterized by the dispersion relation

4rne?
=1+2 1+¢Z2 =0 6.77
e =142 02 (1402 (O] =0, (6.77)
or
kp\
1+ T 1+¢Z(¢)] =0, (6.78)
where
4mrne?
kD = T )
is the inverse Debye length. For an electron plasma,
kpe )’
L (B2) ezl =o, (6.79)
and for electron-ion plasma,
kpe)” ki)’
T (22) B2+ () n+az @l =0 (6.:80)

These dispersion relations will be discussed in detail in Chapter 7.
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6.6 Waves in a Cold Plasma

In Section 6.2, we have seen that all components of the dielectric tensor €;; contain harmonics

of the cyclotron frequency €2 in the argument of the plasma dispersion function
Cn = (W =) /kyvr.

The appearance of harmonics is due to deviation of particle orbit from complete circular
motion when acted by wave electric field perpendicular to the external magnetic field. When
the Larmor radius is small (cold plasma), such deviation becomes ignorable, and harmonics
are expected to disappear. Only the fundamental cyclotron frequency 2 will enter the
dispersion relation.

Another manifestation of particle thermal motion is collisionless wave damping. Both
Landau and cyclotron damping require that waves find particles which travel along the
magnetic field with the speed corresponding to the phase velocity (or Doppler shifted phase
velocity) of the waves. In cold plasmas, the number of these resonant particles is very small,
and all damping mechanisms are expected to disappear. The dielectric tensor in this case
should become Hermitian, €;; = €}; since no absorption of wave energy by plasma is involved.

Let us first assume that both electrons and ions are characterized by delta function

distribution,
d(vy)

fv) =d(v) =

= 2ro, d(vy), (6.81)
where 0(v) is the three-dimensional delta function. This assumption is equivalent to the con-
dition that the phase velocity of concerned wave be much larger than the thermal velocities
of both electrons and ions. (For high frequency waves, such assumption is often appropriate.
However, for low-frequency waves such as Alfven wave, the condition can easily be violated.

In Chapter 3, we have in fact assumed that w/kj < vr. for Alfven waves when analyzing the

MHD ballooning instability.) Then, the dielectric tensor can be evaluated from Eq. (6.32).
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For example, €,, becomes

(A) 0

6(v1)

ECEI

1+Z%’2’

1 Ww? 1 1
1—Z= _P
2Zw (w—Q+w+Q)

s

2

1- Z wzipgz

S

2 2
wm-

w? — Q¥

wpe B

2 _ ()2
w? — Q2

1—

o oo %) n\2 72
UJ—(X) S
2 d dv,
Z 7T/O UL UL/_OO Uw—kHvH—nQ&m

|

27T'UJ_

0 (Un)]

(6.82)

where only n = £1 terms remain finite because of the delta function distribution. Also note

that Ji(x) >~ x/2 for x <« 1. Similarly, we find

, Qw?
€y = —€p=—i Z O — ' (6.83)
€r: = €y = €yp = €5y =0, (6.84)
w2
p
y = Ew=1-) —Lo (6.85)
2
w
€y = 1— w—g (6.86)
Substituting these ¢;; in Eq. (6.31), we obtain the following dispersion relation,
2 2 2 Qw?
2 W “p W “p
ki—— (“Zm) ZC—QZm —hyky
0 , W ¥
_Zgzsjw(wQ—KF) k_g 1_zsjw2—ﬂ2 0 =0
w? w?
~k ik 0 K== (1 — Z w—’;)
6.87)

As expected, the dielectric tensor is Hermitian, ¢;; = €};, indicating no absorption of wave

3
energy in a cold plasma.

The components
2
€rg = €yy = 1 — E s
Tr — -
yy w2 — 2’
S

s

(6.88)
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very much resemble the dielectric constant € (scalar) of an isotropic dielectric medium if the
cyclotron frequency (), is replaced with the frequency of bound harmonic electron motion,

wo. As we will see shortly, the dispersion relation of electromagnetic waves propagating along

(i)z . (6.89)

w

the magnetic field is given by

with electric fields perpendicular to the magnetic field. This also resembles the dispersion
relation of electromagnetic waves in an isotropic dielectric medium,

ck 2 w2’
(U) =e=1— Z —wQ _pjw2 , (690)

j 0j

where wy; is the frequency of harmonic motion at the j—th bound state. Therefore, cyclotron
motion of charged free particles in a plasma can be considered as bound harmonic motion,
and this analogy holds particularly well in a cold plasma.

The dispersion relation, Eq. (6.87), is a sixth order algebraic equation for w and in

principle can be solved with the propagation angle
0 = tan~* (kl//{?”) ,

with respect to the external magnetic field as a parameter. However, fundamental modes
can be revealed by considering two particular angles, parallel propagation # = 0 (k; = 0)
and perpendicular propagation § = 7/2 (kj = 0). Propagation at arbitrary angles can be

regarded as linear combination of the fundamental modes.

6.7 Parallel Propagation (k; =0)

If £, =01in Eq. (6.87), we obtain two independent solutions,

k2 2
< I €m> +e2 =0, (6.91)

€. = 0. (6.92)

In terms of electric field components E;, these solutions correspond, respectively, to

Ak?
( [ 6xx> E, — €zyE, =0, (6.93)

w?
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21.2
6E+<i—e>E:o (6.94)
zyliz 2 zx Yy ; .

e E. =0, (6.95)
Equation (6.91) yields
— — €3y = Hiyy,. (6.96)

In this case, the electric fields F, and F), are related through
E, = :FZ.Eya

that is, the wave is circularly polarized with either positive (£, = —iE,) or negative (£, = +iE))
helicity. Superposition of these two modes yields a plane wave having E, only. The dispersion

relation of the plane wave is given by

27.2 2 2
c“k .
I _ e —1— Wpe Wi

- Yrxr .
w? w2—02 w202

6.7.1 Modes with Positive Helicity
Electron Cyclotron and Whistler Modes

We first consider the mode described by
— — € = gy (6.97)

The two components of the electric field £, and E, are related through E, = —iFE,, that
is, the field is circularly polarized with positive helicity (circulation in the same sense as the

electron gyration motion). Substituting

2 2 2

o wps o wpe wpi
em_l_zwz—Qg_1_w2—Qg_w2—Q2’ (6.98)
Qw? Q2| w? Ow?
o ps _ pe . pe
v Z (@ —2) O - 2)  w(e? - F)’ (6.99)
we obtain - , ,
c°k w w2,
Il pe pi
i - 1
w? wlw—|2]) ww+)’ (6.100)



where subscripts e and i refer to electrons and (singly ionized) ions. As w approaches ||
from below, the second term in RHS becomes large. The wavenumber k| correspondingly
becomes large, too, and such phenomenon on the w — k| space is called resonance. Resonance
indicates possibility of strong absorption, and in the present case, absorption at the electron
cyclotron frequency is suggested. The wave damping rate will be calculated in Section 6.9

after removing the cold plasma assumption.

When kj — 0, Eq. (6.100) gives

1
w=0 and §(|Qe|i,/§zg+4wge>, (6.101)

2. |Q%| > €, as in conventional plasmas. The solution with the negative

provided wf)e > Wy,
sign must be discarded since for & — +0, it corresponds to a wave having negative helicity

thus violating the assumption made earlier. The positive solution,

1
wer = 5 (106 + 02 + 40, (6.102)

is called a cut-off frequency since waves become evanescent below this frequency (but above
€2|). The solution w — 0 with kj = 0 corresponds to the Alfven wave branch, w ~ kjV,
where V, is the Alfven velocity. This mode exists in very low frequency regime, even lower
than the ion cyclotron frequency, w < §2;. The Alfven mode will be discussed in more detail
in the section to follow.

In the intermediate frequency range €; < w < |Q|, Eq. (6.100) yields

62|
W~ —C2kﬁ, (6.103)

w%e
which is known as the whistler or helicon wave. This wave is strongly dispersive. Both phase
and group velocities are proportional to /w. As we will see later, the whistler wave can
become unstable when the electron distribution function is characterized by bi-Maxwellian
having 7', > T}. Such anisotropic distribution function is believed to prevail in the space
plasma trapped by the earth magnetic field. The name “whistler” is coined after whistling
tones accompanying electromagnetic radiation emitted from the ionospheric plasma. The
whistler wave can be excited by lightning and propagate ove a long distance in the ionosphere

along the earth magnetic field.
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Kinetic Alfven Mode

In the low frequency limit, w < €;, Eq. (6.100) yields

Ak? 2 2
Y L+ Dre (14 ©) e (¥

wze 21’ (")21'
= 1+ Q’; + Qf; ~ Qg (6.104)

in typical laboratory plasmas with %2;@‘ > Q2. Solving for w, we obtain

W = ]ﬁ”VA, (6105)
where
Q; B
Vy=c—t = —2 (6.106)
wm- 47TM710

is the Alfven velocity with M the ion mass and Mng the mass density of the plasma. The
Alfven wave described by Eq. (6.105) is nondispersive. The Alfven mode with negative
helicity is also allowed as will be shown in the following section. If two Alfven modes with
positive and negative helicities are superposed, a plane Alfven wave is realized provided they
have the same amplitude.

In order to find finite ion Larmor radius effects on the Alfven mode, the assumption
k; = 0 must be removed. Let us go back to the starting equation, Eq. (6.97). When
w K (Y, €5,y ~ 0 if summation over electron and ion is taken. Also, €., may be approximated

by w2;/Q7. Therefore, the Alfven wave is essentially described by

e, (6.107)

and €, ~ w2, /7 plays the role of plasma permittivity perpendicular to the external magnetic
field as discussed in Chapter 1. The dispersion relation Eq. (6.107) holds even when the
condition £, = 0 is relaxed. In Section 6.2, we have derived an expression for €,, in the
case of isotropic Maxwellian distribution. If we neglect electron contribution, and assume

|C;n] > 1 for ions in Eq. (6.36), we obtain

(1—eMIp(N)), (6.108)

€$CC -

i 1
oy

2
%
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where use has been made of the following identity

2 e LA\ = > e, — e My(A) =1— e (N).
n=1

Since Ip(A\) ~ 1+ i)\Q for A < 1, we find the correction to €., due to the finite ion Larmor

radius,

w2, 3
Physically, the correction term \; is due to change in the effective electric field experienced

by the ion as discussed in Chapter 3,

The ion polarization drift corrected for the ion finite Larmor radius is

e O

Vi = gy (1~ OOIEL). (6.111)

Therefore, the cross-field ion permittivity is subject to a correction of order \;,
2

€L~ Qg [1—0OW)]. (6.112)

The dispersion relation of Alfven wave based on the permittivity in Eq. (6.109) is
3
w? ~ KV} <1 + 1)\2) <1 (6.113)

which can hold even when k; > k| as long as the condition \; < 1 is satisfied. In a plasma

with an electron temperature comparable with the ion temperature, this should be modified

as
3 T. 3T;
W = V2 (1 + Aﬁ) B {1 Ty (1 i ﬁ)] L (6114
where p? = (T./M)/Q? (ion Larmor radius with the electron temperature) which often

appeared in Chapters 3 and 4. Alfven waves can therefore have long parallel, but short
perpendicular, wavelengths. The Alfven wave described by Eq. (6.114) is often called kinetic
Alfven wave.

The correction k% p? in the kinetic Alfven mode is due to the deviation from the ideal

MHD. In ideal MHD, the parallel electric field is vanishingly small,
. W
E” = —Zk||¢ + ZzA” =0, (6.115)
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and the parallel Ampere’s law combined with the charge neutrality condition V-(J +J) =0,
4
V| VA = =V, (6.116)

readily yields the dispersion relation w? = (kV4)? if for the perpendicular current the lowest
order ion polarization current
nee? 0

is substituted. The charge neutrality condition itself is not useful in ideal MHD because
both electron and ion density perturbations are vanishing. In order to find corrections of
order (kjp,)?, the ideal MHD assumption should be removed and one has to use two-fluid
approximation or kinetic analysis as done for the ballooning mode in Chapter 4. In a uniform
plasma, the ion density perturbation in the frequency regime kjvy; < w < Q; is (¢f. Eq. (4.
21))

e Y e 3 e
n; = —TQ:TLO +e /\’L[U()\i)%éTLO = _)\i (1 — Z)\Z> %ng, (6118)
and that of electrons in the low frequency limit w < kv, is
w e
¢ = — —A | =no. 6.119
! (¢ ck ) " (6419)
From the charge neutrality condition n; = n. and Ampere’s law
4
VA = -,
c
where the parallel current is largely carried by the electrons,
2
npe w
Jy =~ Jje = — - —A), 6.120
== (~w) (cb o ) (6.120)

one readily finds the dispersion relation in Eq. (6.114). The parallel electric field associated
with the Alfven mode is of order (k, p)?k;¢ (< kj¢).

The kinetic Alfven mode can of course be recovered from the general dispersion relation
in Eq. (6.30) provided the following assumption is made, E, = 0 because the cross-field
electric field is essentially curl-free (electrostatic) in a low 8 plasma. (Recall that we have

assumed k; =k, e,.) Then, the dispersion relation in Eq. (6.114) readily follows from
), w? ) W 2
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where

wh; 3 k2, wio k2
€pp ™ Q”; (1 — ZAi> L € kf; — B TDe (6.122)
i ]

In €., the ion term is ignorable for the Alfven mode in a low /3 plasma since w/kj ~ V4 > ¢,

(the ion acoustic velocity).

electron cyclotron freq.

Figure 6.2: Parallel modes with positive helicity. Electron cyclotron resonance (kH — oo)
occurs at w < [€.|. The non-dispersive low frequency mode w < €; (< [€2.]) is the Alfven
mode described by w = k;Vy.

6.7.2 Modes with Negative Helicity
Ion Cyclotron Mode

The mode described by
— — €y = —l€yy, (6.123)

has negative helicity (£, = +iE,). Again in the cold plasma approximation, Eq. (6.123)

becomes -
C k (,d2 w2.
Il pe i
—=1- — 6.124
w? wlw+|2%) ww-—9Q) ( )
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This exhibits a resonance (k) — o0) at the ion cyclotron frequency €;. For w < €, Eq.

(6.124) also reduces to Alfven mode,

2.2

— by ey R T

2 — 2 2 =~ 02

w 0z 02T
2 1,212

Therefore, in the low frequency limit, Alfven wave can have either helicity, negative or

positive, and a plane, linearly polarized Alfven wave can thus be constructed.

Q;
on cyclotron mode

Alfven

k

Figure 6.3: Parallel modes with negative helicity. The Alfven mode w = V4k| with negative

helicity exists in the low frequency region w < €2;. The ion cyclotron resonance occurs at

w < Q;. The cutoff frequency ws is given by wy = (y/4w?, + Q2 — [Q]) /2.

The resonance at the ion cyclotron frequency is approached from below as in the case of
electron cyclotron resonance. Usually in plasma heating by cyclotron resonance, waves are
launched from the region where the magnetic field is strong so that w < €2;. As they propagate
along the magnetic field toward weaker field region, waves eventually hit the resonance point

(or resonance plane) w = §2; where strong absorption takes place. Absorption mechanism
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(cyclotron damping) is due to thermal effects and will be discussed later. It should be noted

that the cutoff frequency w — 0 in the limit &k — 0 corresponds to the Alfven mode.

Electron Mode

In the regime w > w,; (> ;) , Eq. (6.124) yields

21.2 2
c°k w
” ~ pe

W w(w+ Q)

The cutoff frequency of this mode is

wy — % (o2 + a2 — 1)),

There exist no modes with negative helicity in the frequency domain

1
Y <w< (,/Qg+4wge - |Qe|).

6.7.3 Plasma Oscillation

Finally, the mode described by
€., =0, (6.125)

is purely electrostatic, since E || k both along the external magnetic field. In a cold plasma,

w2 wz- Cd2
o pe Pt 4 pe __
€ry = 1-— o2 - E ~1 o2 = 07 (6126)

which indicates electron plasma oscillation having arbitrary wavenumber k. Electrostatic

waves in a magnetized plasma will be discussed in detail in Chapter 7.

6.8 Perpendicular Propagation (k| = 0)
When k| = 0, Eq. (6.31) yields

—€xz —€xy l?;,j

=0, (6.127)

€xy



and

k% 2
< T ezz) E,=0. (6.128)
Corresponding dispersion relations are
ki\? e
(C_L) — (6.129)
w T
and
k2 2
. (6.130)
w

The mode described by Eq. (6.129) is called extraordinary mode while the mode described
by Eq. (6.130) is called ordinary mode in analogy to optical waves in anisotropic crystals
which exhibit double refraction.

If thermal effects are negligible, the expression obtained earlier for cold plasma may be

substituted into the dielectric components, €;;. Eq. (6.129) reduces to

Qew? Qw2 \°
) e pe _'_ 1™
cky Wae Wi (w2 — 02w Q?)
—) = 1— ey b wre A " e . (6.131)
e % w2 (1 . pe _ p )
wr -2, W7

This does not exhibit resonance at w = || and ;. (Showing this is tedious but straight-

forward. Please try.) Resonance occurs when €,, = 0, or

w2 w2-

- g =0 (6.132)

which yields

w? = w2, + Q2 = wiy, (6.133)
and
w2,
w? = ’ZJQ =wiy, (6.134)
pe
1+ 02

where wy g is the upper hybrid frequency, and wy g is the lower hybrid frequency. At these
resonance frequencies, the waves essentially become electrostatic. To see this, we take the
first equation in Eq. (6.127),

€xally + €gy 0y = 0. (6.135)
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When ¢, = 0, we must have F, = 0, since ¢,, remains finite at the resonance frequencies.

Recalling that we have assumed k, = k, e,, we observe that
k||E,and V x E =0,

which indicates that upper and lower hybrid waves are electrostatic.

The cutoff frequencies are the same as those in the parallel modes,

1
wiz =5 (s + 2 £ 10.).

This is because when k; = 0 (cutoff condition), Eq. (6.127) requires that

2 2 _
Cra +€azy _ 07

or
€pz = Tl€gy.

These relationships are identical to Eq. (6.96) corresponding to the cutoff condition of the
parallel modes.

At very low frequencies such that w < §;, Eq. (6.131) becomes

CkL 2 w2i w2i ) w2€ )
(7) =14 g =2 ) - 20 (), (6.136)
T+,
V4ot
2 _ M2 k2. (6.137)
I+ (Va/e)

This mode is called the magnetosonic mode or compressional Alfven mode corrected for the

sound speed V,
T+ 1Te

V2 = 2= kj = 0. (6.138)

It is noted that the adiabatic coefficients are v, = v, = 2 for waves propagating strictly
normal to the magnetic field kj = 0. In the case w < kjvr., which may occurs for samll but
finite k) (peopagation slightly tilted from 6 = 90°), v, = 1, and the sound speed for k; > k|

becomes
2T, + T,

V2 =
sl M

y w <K kHUTe-
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Except for the sound speed, the dispersion relation is formally identical to that of the shear
Alfven wave propagating along the magnetic field. However, field polarization is entirely
different. In order to see the characteristic difference between shear Alfven wave propagating
along the magnetic field and compressional Alfven wave propagating perpendicular to the

magnetic field, we go back to the field equation,

10B
E=———+ 6.139
or
w
k xE=—-B. (6.140)
c
For shear Alfven wave, k| = kje., both the electric and magnetic field are perpendicular

to the unperturbed magnetic field By. Physically, such field configuration corresponds to
bending of the magnetic field lines. On the other hand, the magnetosonic wave is associated
with k =k, , and E, , with k; and E, being normal to each other. Then, from Eq. (6.140),
we observe that the perturbed magnetic field associated with compressional Alfven wave is
parallel to the unperturbed field By,

B || By,

which creates compression and rarefaction of magnetic field lines.

In Chapter 2, we have seen that the most dangerous MHD modes are incompressible char-
acterized by V - v = 0. Compressional Alfven (magnetosonic) mode is obviously accompa-
nied by field line and thus plasma compression, and V - v remains finite. The corresponding

plasma density perturbation may be found from the continuity equation,

?3)_7; + V. (nv) =0, (6.141)

where for w < §2;, the dominant cross-field velocity is the ' x B drift,

EXBO
B

Vg =c (6.142)

where E is the induction (rather than electrostatic) electric field related to the magnetic

perturbation through

10B
E=--"". .14
V x e (6.143)
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If the density ny and the magnetic field B,y are uniform, the perturbed density n; can be

found as
anl Mo 0B
e 0V v= 2B, — 6.144
ot Y YT R g (6.144)
or
1 BH
It p— 6.145
" Bo (6.145)

This indicates that plasma density and magnetic perturbations are in phase and equal in rel-
ative magnitude which is another manifestation of frozen-in nature of plasma to the magnetic
field lines. The appearance of sound speed in the dispersion relation of the magnetosonic
mode is thus understandable.

The mode given in Eq. (6.130) is the ordinary electromagnetic wave propagating across
2

w
the magnetic field. If thermal effects are neglected, €., ~ 1 — p;, and Eq. (6.130) becomes
w

w? = wl, + k7. (6.146)

This mode is unaffected by the external magnetic field because of the fact that the electric
field assocaited with the mode is along the magnetic field By and the corresponding perturbed
current is also along By. The Lorentz v x By force vanishes in this case, and particle motion
remains unaffected by the magnetic field. That the phase velocity is independent of the
magnetic field makes this particular mode an extremely convenient probe in measuring the
electron density. In typical fusion devices, f,e = wpe/27 is of order of tens of GHz, and
millimeter wave or shorter wavelength infrared laser is required in interferometric plasma
density measurements.

Figure 6.4 summarizes the perpendicular modes.

6.9 Propagation at Arbitrary Angle

When both k| and &k, are nonzero, the dispersion relation, Eq. (6.87), must be analyzed as
it is. One of the important applications of wave analysis is in radio frequency (rf) heating of
plasma, and the discussion presented here will be developed having this particular application

in mind. In rf heating, the wave frequency w is given. (It is the frequency determined by
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upperhybrid mode

lowerhybrid mode

magnetosonic mode
k

1

Figure 6.4: Perpendicular modes. Resonance (k; — 00) occurs at the upperhybrid frequency
wun = /w2, + Q2 and the lowerhybrid frequency wry = wpi//1 + (Wpe/$2e)? which are slow
electrostatic modes and allow efficient wave absorption. The cutoff frequencies w; and ws

are identical to those found in parallel propagation.

wave sources.) Therefore, rather than solving Eq. (6.87) for w, we attempt to find £
and k,; for a given frequency w. Wave propagation is allowed if real solution for %k exists.
Otherwise, waves become evanescent being cut off by the plasma itself. However, in several
practical applications, waves must go through an evanescent region before fully penetrating
deep into plasma core. If the spatial damping due to evanescent region is tolerably small,
such excitation mechanism is still a useful method in plasma heating. A typical example is
the lower hybrid wave which has successfully been developed for plasma heating and current
drive.

Let us introduce the parallel and perpendicular indices of refraction,

k k
np=—1 | ng =S (6.147)
w w
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Also, to save subscripts, we let

)
€1 = €45 = €y, (in cold plasma)

€ = €22 (6.148)

| €x = €oy = —€pa

Expanding the determinant in Eq.(6.87), we obtain
2
ern’ + (exnf+emi —erey— € —ex) n +¢ (nf —e1)” + ek = 0. (6.149)

The direction of wave injection in most heating applications is perpendicular to the magnetic
field or in the radial direction. For this reason, we assume that n) as well as w is prescribed
(k) is usually determined by wave excitation mechanisms, such as grill structure in lower
hybrid wave exciters. Even if k) is not well defined, one can always Fourier analyze along the
direction of magnetic field.) Eq. (6.149) is an algebraic equation for n%, and the condition

that n? be real is given by
2 2
(eLnﬁ + eunﬁ —ele — €1 —ex) —des [EH (nﬁ —€) + 6||€§(] > 0. (6.150)

n? may become negative. In this case, wave becomes evanescent. However, as explained
earlier, in a nonuniform plasma, evanescence does not necessarily mean complete cutoff,
and if evanescence region is confined at the plasma-vacuum boundary, waves can still tunnel
through and penetrate into a plasma. If n? becomes complex, on the other hand, wave acces-
sibility is usually much reduced. Also, two otherwise independent modes become degenerate
when n? is complex. For these reasons, Eq. (6.150) may be regarded as the accessibility
condition. In general, the condition is necessary, but not always sufficient, and accessibility
of a particular mode should be examined carefully for given experimental conditions, such
as the plasma density profile. In the following, accessibility problems of some typical modes

of practical interest will be discussed.
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6.9.1 Electron Cyclotron Mode

In Section 6.2, we have seen that electron cyclotron wave propagating along the magnetic

field is described by the dispersion relation,

k2 w?
2 I pe
gl w? w(w— Q) (6.151)

The wave has positive helicity with circular polarization. When the propagation angle 6 is

slightly titled from the magnetic field, the dispersion relation is modified as

w2

Zon24n?=1- e : 6.152
mEm w (w — || cos ) ( )

To see this modification, we directly solve the dispersion relation which is rewritten in terms

of the total index of refraction n and propagation angle 6 as

nt (q sin? @ + € cos? 9) —n? [(ei + e?X) sin’ 6 + €L€| (1 + cos? 0)] +¢€ (62L + e?x) =0.

(6.153)
This can readily be solved for n?,
B ++B?—-4AC
n® = , (6.154)
2A
where )
A= eLsin29—|—€|| cos? 0
B = (e +¢€2)sin®0 + e (1 + cos? ) (6.155)

| C=¢ (] +¢€2)
Note that in Figs. 6.2 and 6.3, there exist at most two solutions for k| or &, for a given
frequency w. The two solutions given in Eq. (6.154) indicate that at arbitrary propagation
angle 6, we still have two propagation modes.

It is convenient to rewrite Eq. (6.154) as

g 2(A— B+C)

— ) 6.156
2A—- B+ VB?—-4AC ( )
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For the electron cyclotron wave, we may ignore ion dynamics since w > wy; (3> €2;). Then,

the dielectric components assume

2

w
_ pe
el_l_uﬂ—Qg’ (6.157)
19l e 6.158
Ex = Zm, ( : )
and
w2
g =1- p;. (6.159)
w
Substituting these into A, B and C, we find
- 2”;2)@ (1 — wge/Qg)
n=1-— , (6.160)
2w? (1 — w2, /02) — 2sin®0 £ Q| vD
where
w2\
D = Q2sin* 0 + 4w? (1 — —p;) cos? 0. (6.161)
w

If & = 0 (parallel propagation), we recover the familiar result for the parallel electron cy-

2 2
O

clotron mode,

Also, if § = 7/2,

2
SR IR P Ul ) (6.163)
+ w w? (w? — w2 —02)’ '
and
2
w
ni=1- wp;, (6.164)

which are also consistent with those found in Section 6.3.

The dispersion relation, Eq. (6.152) derives from Eq. (6.160) if sin® @ is sufficiently small.
Since D is positive definite, the accessibility condition for electron cyclotron wave may be
imposed by

2

n? >0, (6.165)

everywhere along the wave trajectory, that is, from the plasma edge where w, = 0 to the
plasma core where w,, is maximum, and cyclotron resonance is aimed at. In toroidal devices

such as tokamaks and stellarators, the toroidal magnetic field varies being proportional to
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1/R, where R is the radius from the toroidal axis. Therefore, if the wave frequency w is so
chosen that cyclotron resonance is to take place at the plasma minor center, accessibility
can be achieved only from the inner side. Often this requirement causes technical difficulties
since the inner side of toroidal devices is crowded with mechanical structures (toroidal coils,
poloidal windings, etc.).

Electron cyclotron resonance heating has become feasible rather recently after devel-
opment of high power (= 100 kW), high frequency (~ 30 GHz) microwave sources (e.g.
gyrotron). Although heating reactor scale devices will require a large total power at much
higher frequencies (because of higher magnetic fields), ECR heating is one of the promising
auxiliary heating methods to achieve ignition temperatures. One restriction of ECR heating
is its density limit at the region when cyclotron absorption takes place. The frequency w
must be above the lower cutoff frequency

A /4@)‘12)e + 02 — Q|

2

W > Wel =

everywhere along the wave trajectory. (We note that the cutoff frequencies to make n? = 0 in
Eq. (6.160) is independent of the propagation angle, §.) Therefore, the maximum allowable

density in terms of the plasma frequency w,, is

w2, (at resonance) < 207.

6.9.2 Lowerhybrid Wave

As seen in Section 6.6, the lower hybrid resonance frequency

w = wpi
T (/)

is essentially proportional to the ion plasma frequency and resonance region is a point rather

(6.166)

than a plane as in the case of cyclotron resonance. Fortunately, in the sense of geometrical
optics, any waves tend to refract toward lower phase velocity region. At the resonance region,
the wavenumber k increases and thus waves tend to converge.

In the case of lower hybrid wave, it is impossible to completely avoid evanescent region.

However, as we will see shortly, the evanescent region is limited to the plasma edge where the
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plasma density is low. Waves can easily tunnel through the evanescent region and penetrate
into the plasma core.

Accessibility of lower hybrid waves has been first analyzed by Golant, and we follow the
analysis developed by him. If we assume || > w > Q; appropriate for the lower hybrid

wave, the dielectric components become

( 2 2

w wz;
e, =1+-2—--L(>0)
02 w?
2 2 2
€x =i Wre @'QZWW ~ Wre (6.167)
w Q] w3 w Qe
w? w?
o _ Tpe ., “pe
{ EH—l 2 R (<0)

As the accessibility condition, we adopt Eq. (6.150) which only ensures that n? be real,
but not necessarily n? be positive. The inequality, Eq. (6.150), can easily be solved for the

range of nf,

€ (el — EH)Q + (el — EH) eiy + 2\/ele|e§( [(q — €||)2 + eg(]

. (6.168)
(ex—e)

nﬁ>

Since

|€|||>>\€ﬂ , lex]

we may approximate Eq. (6.168) as

2
2
R P Y (TS = o' I (6.169)
” € € Vel

The RHS of the above equation becomes maximum at a distance z,, from the plasma edge

where the plasma density ng(z) satisfies

4

2 _ Wy
wpe(a:m) = m. (6170)
Here, w, (= const.) is given by
292
W= e (6.171)
02 — w2

M
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which is the electron plasma frequency at the resonance point, r = x,.,
Wr = Wpe(Tr) 3 T < Ty (6.172)

The maximum value of RHS takes a simple value and is given by
("‘)1276 ('T T )
a0z

This is the condition to avoid complex solutions of n? , and can be regarded as the accessibility

nj > 1+ (6.173)

condition for lower hybrid waves.

At the plasma edge where the plasma density is zero, we have the vacuum solution
n? + nﬁ =1.

Therefore, when the accessibility condition is satisfied (nﬁ > 1), the wave at the edge region
should be evanescent with respect to transverse propagation,

nizl—nﬁ<0.

The distance from the plasma edge beyond which the wave becomes transparent n? > 0
can readily be found from the dispersion relation, Eq. (6.149). In the edge region, €, ~ 1
can still be assumed, but €|, €, can quickly become large. When, Eq. (6.149) is written in
the form

nt + Bn? +C =0, (6.174)
the condition for n? to have a positive real solution is simply

C <0. (6.175)
Note that the lower hybrid wave corresponds to the “slow wave” solution,
n? = % ~B+VB?2—40C|. (6.176)
Therefore, the transition position becomes
w? = Wl (zy). (6.177)

Since w is of the order of ion plasma frequency at the plasma core where the density is
maximum, we find that the transition distance from the plasma edge is extremely small.
The inevitable existence of evanescent region in launching lower hybrid waves into a plasma

is not expected to be problematic as successfully demonstrated in several recent experiments.
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6.9.3 Ion Cyclotron Wave

RF heating with the frequency in the range of ion cyclotron frequency is one of the oldest
methods in fusion research. This is due to the obvious reason that high power rf sources
at typically tens of MHz are readily available. ICR heating is still in active use and can
well compete with neutral beam injection in attaining high ion temperatures. Since the
frequency is considerably lower than electron cyclotron and lower hybrid schemes, wave
excitation based on waveguides cannot be used. Ion cyclotron waves are usually excited by
antennas located near the plasma edge. Coupling efficiency is expected to be higher, the
closer the antenna is to the plasma. This may cause impurity problems, for it is practically
impossible to completely insulate the antenna from the plasma. It is commonly observed
the impurity level significantly increases when attempts are made to increase rf power. Of
course, impurities (high Z ions) directly contribute to plasma energy loss through radiation,
and deteriorate energy confinement times.

Analysis on accessibility of ion cyclotron resonance is less involved than ECR and LHR.
n? remains real in the approximation to be used. As in the case of LHR, mild evanescence
exists, but it can be tolerated.

Ion cyclotron wave is characterized by the frequency
w 5 Ql < |Qe|

Therefore, €, ex, and ¢ in Eq. (6.149) may be assumed to be

r 2 2 2
w2, w2,
ee~l+ - s P
2 2
ey~ i (6.178)
ww?—=Q?) w;
w2
pe
€||2— 5
\ w

and the solutions for n? are given by

1 w
2 pe (. 2
ny = (nj —e1)
2¢, w?
1/2
1 w;‘;e 2 2 4w12n 127e 4 2W12n 2 ﬁi
2%, | Wt (nf =€) W — 2 w? s 2"l T 22— ) (6.179)



In the square root, the first term dominates over the rest. Then, the two solutions are

2

1w
2 pe (2
~ - 6.180
ny €, w? (nH el) ’ ( )
and 4002 _ 2 2 2 4 702
ny (9 —w?) = 2njw;, + w, /€
n? ~ | ( ) = 2njjeyi oy 2 (6.181)

”ﬁ (w? — Q?) + W;2m'
The first solution is evanescent unless nﬁ is very large. The second solution corresponds to
ion cyclotron wave propagating at an angle with respect to the magnetic field. Whenn;, =0

(parallel propagation), we recover the solution previously found,

2

5 Wy
~ T 6.182
M0, £ w) (6.182)
which is in the form of
nﬁ ZELZEZ'E)(. (6183)

From Eq. (6.181), it can be seen that cutoff (n? = 0) occurs when

wfn-(xc) =w(; + w)nﬁ, (6.184)
and the resonance when

wii(,) = (QF — W) nf. (6.185)
At the plasma edge where w,; = 0, the wave is evanescent, n? = —nﬁ < 0. (We do not

recover the vacuum solution n? = 1 since in the expression for €, and ¢|, the vacuum term

1 has been omitted.) Wave propagation is allowed (n? > 0) in the region

w () —w) nﬁ <whi(z) < (9 —w?) nﬁ (6.186)

When w <€, the ratio between the density at the resonance and that at the cutoff is
approximately equal to 2. This should be compared with \/M—/m (M/m being the ion-
electron mass ratio) found for the lower hybrid wave. The evanescent region in ion cyclotron
wave is substantially larger than that in lower hybrid wave. However, this does not necessarily
mean that the wave damping due to evanescence is correspondingly strong. In the evanescent

region, n? may be approximated by

ni ~ —nf + P (<0). (6.187)



Thus, the spatial damping factor |k, | in exp (— |k, |x) is substantially reduced from the
vacuum value (|k,| = k).

Ion cyclotron resonance heating based on the mechanism described above is best suited
to cylindrical plasmas, such as those in tandem mirror experiments. In addition to transverse
resonance, longitudinal resonance (nﬁ — 00) can be achieved if the magnetic field itself is
nonuniform along the plasma column (concept of magnetic beach).

In toroidal plasmas, the toroidal magnetic field is strongly nonuniform and accessibility
of ion cyclotron waves encounters similar difficulties as electron cyclotron waves. For this
reason, ICR heating based on slow wave (the branch of conventional ion cyclotron mode) is
seldom used particularly in tokamak research. Instead, fast wave (magnetosonic wave) with
w =~ 2€); is commonly used. Since fast wave heating requires knowledge of wave propagation

in a plasma with finite ion temperature, we defer this important topic until a later chapter.

6.10 Kinetic Effects

The cold plasma approximation employed in the preceding Sections is applicable when the
phase velocity (or the Doppler shifted phase velocity) is sufficiently remote from the thermal
velocities of electrons and ions. The components of the dielectric tensor ¢;; all contain the

plasma dispersion function Z((,,) or its derivative where

_w—nQ

k”’UT
Cold plasma approximation pertains to the limit |(,,| > 1 which allows us to use the asymp-

totic expansion of the plasma dispersion function,

The imaginary residue term, though small, indicates wave damping through Landau (n = 0)

and cyclotron (n # 0) resonance.
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6.10.1 Cyclotron Damping

In this Section, we analyze the dispersion relation of the electron cyclotron mode

cki\ 2
(-”) = 4o + gy, (6.188)
w

by retaining kinetic resonance. Ion contributions to €,, and €, can be ignored and we

approximate them by

€xz = 1 + 1 (wpe>2 ~ [Z(Ce,+1) + Z(Ce,—l)} )

2\ w Ejvre
1 rwpe\2 w
€xy = Z§ ( :; > k||UTe [Z(Ce,—H) - Z(Ce,—l)} .
Substitution into Eq. (6.188) yields
Ck‘” 2 wze
— ) =1+ ——7 1
(2) -1+ gz, (6.150)
where
_ W= 2|
Ce,fl - k”UTe .

If [, 1| > 1, Eq. (6.189) reduces to

Ck>2 Whe o~ Whe (w - |Qe|>2
— ) ~1 - —F 7 exp |— [ ————
( w w(w — |2]) \/_wk;”vTe P Ejvre

Solutions for w or k) must be complex which indicates wave damping. (Recall that we have

(6.190)

i(k'r_m).) In steady state plasma heating experiments, w is

assumed a propagation function e
real and Im & (> 0) becomes the spatial damping factor. In the lowest order, the solution

for k| is given by

/{” = k”g + 1k;,
where
w w2
ko = —4 1 — ——P° 191
b= VT e w = |2} (6.192)
= —— xp |— [ ———— )
2 C2kﬁ0UTe P kjvre
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At the electron cyclotron resonance, w = [€).|, the plasma dispersion function takes a

simple value Z(0) = iy/7. Then Eq. (6.189) becomes

Ck‘” 2

2
w
2~k 6.193
< w ) f|9e|k||UTe ( )

In magnetic fusion plasmas, [Q¢| ~ wye. Also, k| < kp. = \/iwpe /vre. Then the unity can

be ignored and we have
(19| wpe)?
(Coge) /3

Im £ is comparable with the real part indicating strong spatial damping.

ky = m'/8ei/6 (6.194)

In the case of second harmonic electron cyclotron resonance heating, w =~ 2|€.|, the
term Z(C. _,) contained in €, and €., plays the dominant role. The damping mechanism is
the same as in the fundamental mode except that a target plasma should have appreciable
electron temperature for the second harmonic heating to be effective. This is because for a
cold plasma, the finite electron Larmor radius effect is vanishingly small, I5(\.)/Ae o< Ae.

The ion cyclotron resonance can be analyzed in a similar manner.

6.10.2 Whistler Instability due to Temperature Anisotropy

The Whistler mode has been first observed as naturally occurring radiation from the ionospheric
plasma. The mechanism of self-excitation (instability) of the mode is generally attributed to
the anisotropic electron temperature 7., > T which is plausible in the ionospheric plasma
confined by the earth mirror magnetic field. In a mirror field, particles can freely escape
through the mirror throats and the velocity distribution is in general non Maxwellian. Here
we assume that the electron velocity distribution is bi Maxwellian characterized by two

temperatures, T,, and 7, e

fet o) = 2 i) By i (6195)
(vl ) = exp | — exp | — ) )
DW= ar, P\ Tar, )\ 2, TP\ T2ty

The dielectric components €,, and €, in Egs. (6.31) and (6.32) were for Maxwellian distrib-

ution and cannot be used for the present purpose. Instead, €., and €, have to be calculated
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from Eq. (6.26),

(”fﬂ@)
pe Ae af af
=1+ § /d3 pepy m— <(w — k”v”)a— + k””am) (6.196)

where ion contributions have been ignored. For k£, = 0, we have

_ wWpe\? | L (wpe)? | [E] T,
o= () () [t it )
1 wpe 2 ‘Qe’ TeJ_
_§< W ) [’fanGZ(C 1)+ 2TeHZ (Cel)] : (6.197)

where vp e = /2T, /m and Z'(¢) = —2[1+ (Z(()] is the derivative of the plasma dispersion

function. Similarly,
1 rwpe?
=i ()

Substituting these into the dispersion relation

chy\® L
— = €xg LE€xy,
w Y

(%>2 - <w£e>2 [k”;ez(@v—l) +% (1 - 7;’@” ) Z'(Ce.- 1)] : (6.199)

Assuming [(, ;| > 1, we thus obtain

chy)” “ Tey T..] et
e =] - —FF Q 1— . 2
(w> oy v () e Y e )

If ., > T, the last resonance term can change its sign from positive to negative and

€2 |

Koy

. |Qe| )_ TeJ_
kHUT”e el 2Te||

Zl(Ce,l) -

TeJ_ /
Z(Ce,—l) + 2Te|| Z (Ce,—l)] .
(6.198)

yields

a whistler instability (Im w > 0) occurs. Since the frequency w is much smaller than
the electron cyclotron frequency, a slight temperature anisotropy is sufficient to excite the
whistler mode.

An anisotropic distribution function is thermodynamically unstable in the sense that

it has freedom to relax to more stable isotropic Maxwellian distribution. A plasma can
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approach thermodynamic equilibrium through particle collisions. However, if the growth
rate of plasma instability is much larger than the collision frequency, the relaxation process
is accelerated by the instability. In the case of the whistler instability, it enhances the
temperature equilibriation by transferring the perpendicular energy (7., ) to parallel energy

(T¢) at a rate much faster than expected from the collisional process.

6.10.3 Weibel Instability

Another well known instability caused by temperature anisotropy is the Weibel instability.
This is an electromagnetic instability in unmagnetized plasma and may occur when a plasma
is heated anisotropically as in strong rf heating. To analyze the instability, we assume the
geometry shown in Fig. 6.4. An electromagnetic wave propagates in the z direction with
a wavevector k and electric field in the z direction, E = E,e, The unperturbed electron

distribution function integrated over the ignorable v, is assumed to be bi Maxwellian,

m mu? m mu?
o Uz) = ——= — ——=, 6.201
oltns 02) = \[ 5o ( QTL) \ 27 P < 21j ) (6201

where | and || are with respect to the direction of wave propagation. After eliminating the

perturbed magnetic field from the linearized Vlasov equation for the electron, we have

—i(w — kv fi — % {E (1 - kw—v> + ;(E : v)] : % — 0, (6.202)
where
ofo m m
oo (TTW ‘ Tvz) o (6.203)

Solving Eq. (6.202) for f1,

e FEyv, T kv,
fi= o e {1 + (% - 1) ~ } fo- (6.204)

Only the current density in the = direction is non vanishing and given by

J, = —engfvxfldvxdvz
2
. Npe TJ_ 1 (TJ_ ):|
— L)+ — (== —1)]| B, 6.205
mkuvre [Tn (€) Ce \ T ( )
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where vy, = 1/27j/m and (, = w/kvp.. This defines a scalar conductivity

Jm . n062 TL 1 TL
_ Uz _ _ =7 —==1 6.206
o [T+ - (7). (6:206)
and the dielectric constant,
4mr we, [Ty 1 (T,
=1l4+i—o=1 =7 —(=-1)]. 6.207
i [proes(z)] e
Then the dispersion relation for electromagnetic mode is given by
ck 2 w2 TJ_ 1 TJ_
Z) =e=1 P 1=Z —(=-1]]. 6.208
(£) -~ rroe (3] e

Let us first consider isotropic case, T = T|,

(%y S+ ) (6.209)

w wkvr,

This describes electromagnetic modes in an unmagnetized plasma with kinetic corrections.
Evidently, it formally agrees with the dispersion relation of the ordinary mode in a magne-

tized plasma in Eq. (6.146). For ¢, > 1, we indeed recover the familiar form,

ck 2_1 wpe2 2 _ 2 ]{?2
— ) = —(—) or w” = w,, + (ck)”.

W W

In the opposite limit (, < 1, we have

E\? Wae Wy,
(C—> — i~ e
w wkvr, wkvp,
which yields
. ww? \ V3
ke = 7!/6em/0 <2—P) : (6.210)
C™UTe
The quantity
C2UT 1/3
0o = ( j) : (6.211)
ww2,
is known as the anomalous (or kinetic) skin depth. It can exceed the conventional collisionless
skin depth
§= ) (w < wpe) (6.212)
Wpe
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provided w < vrewpe/c. (Of course, at extremely low frequency w < v, (the electron collision
frequency), the collisional skin depth becomes dominant,

5, = Y (6.213)
Wpe V| W

which emerges from the dispersion relation

2

£\ 4 w2,
(C—> et =14 (W< V)
w w WV,

where 0. = nge?/mu. is the collisional conductivity.)

We now return to the Weibel instability. When ¢, > 1, Eq. (6.208) reduces to

2
<%) ~1— (wpe>2 — Mg (6.214)

w w wt Ty

There always exists a negative solution for w? which indicates a purely growing instability.

The maximum growth rate is of the order of

o VIijm (6.215)

Y = e
max c P

The distribution function with anisotropic temperatures may be replaced by two cold
electron clouds drifting in opposite directions along the x axis,

o(v) = 5 180 = V) + 8(0a + V)] 8,)0(02). (6.216)

(The factor 1/2 is for the normalization, / fod?v = 1.) In this case, the growth rate is given
by

V
Vmax = ;wpe' (6217)

However, as we will see in Chapter 8, such two-stream distribution function is unstable
against rapidly growing electrostatic instability with a growth rate far exceeding that of the
Weibel instability.

The physical mechanism of the Weibel instability is in the magnetic Lorentz force. In the
geometry assumed, the perturbed magnetic field is in the y direction and the Lorentz force
v x B directed in the z direction causes the filamentation of the plasma. If the unperturbed

distribution is isotropic, the magnetic force term

(v x B)- %, (6.218)
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in the Vlasov equation identically vanishes. For the anisotropic distribution assumed, this

term remains finite,

1 1
— — | v,v. B, fo, 6.219
m( A I)vv o ( )

and contributes to the perturbation in the distribution function.
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